Topics in Deep Learning Theory (Spring 2025)

Lecture 5: Learning RKHS with SGD

Instructor: Lei Wu Date: April 20, 2025

Abstract

In this lecture, we explore the random feature (RF) approximation of KRR, introducing
a Monte Carlo perspective to understand high-dimensional function learning. Additionally,
we analyze how stochastic gradient descent (SGD) performs in learning RKHS functions,
discussing its optimality and limitations, as well as the phenomenon known as spectral bias.
We stress, in this lecture, we choose to examine classical RKHS function learning from
perspectives that are applicable to nonlinear neural networks, establishing a connection
between classical learning theory and deep learning.

1 Introduction

An important implication of Lecture 4 is the sample complexity of kernel ridge regression
(KRR), which refers to the number of samples necessary to achieve a specified generalization
error. Specifically, for a reproducing kernel Hilbert space (RKHS) endowed with the kernel k
with a power-law eigenvalue decay, \; < 478 under the underlying distribution p, we obtain
the following bound for the generalization error for f* € H; as
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WLOG, assuming s € [0, 2]. Then, to achieve a precision of ¢, the number of samples we need

is at least
sB+1
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Another significant aspect to consider is the time complexity, which represents the compu-
tational time required to complete a task. Discussions of time complexity typically include the
following categories:

* Information-theoretic: The information-theoretic lower bound on time complexity refers
to the minimal time required to solve a given task, irrespective of the algorithm employed.
For instance, sorting a sequence of length n necessitates at least O(n log n) comparisons.

* Commonly used algorithms: Alternatively, one can study the time complexity of solving
the given task using a specific learning algorithm (e.g., KRR or stochastic gradient descent
(SGD)).

9Special thanks to Yuhao Liu and Zilin Wang for scribing the notes.



In this lecture, we primarily focus on the time complexity of learning RKHS functions.
To begin, we provide a naive estimation of the time complexity for KRR. By the Representer
theorem, the KRR estimator can be expressed as

where

ay = (K +nX\I)"y (2)
Computing the inverse of an n x n matrix typically requires O(n?®) operations. Consequently,
the time complexity is bounded by
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Note that s/ represents the inherent smoothness of f*.
Remark 1.1 (Periodic Sobolev spaces). Suppose f* € H(T), which is defined as

17y = D A+ ImP) 1),

meZ

where { f (m)}mez denotes the Fourier coefficients of f: f* = Y omez f(m)ej where e, () :=
e2™mz s the Fourier basis functions.

This regularity condition || f*|| g+ (1) < oc implies that f(m) = m~1"3. To ensure f* lies
in ‘Hj, we require

vl

1t < mi-%,
which gives 2y = sf. Under these assumptions, the resulting time complexity can be bounded
by Equation (3) as
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indicating that the time complexity depends directly on the inherent smoothness of f*.

2 Preliminaries
Equation (3) provides an upper bound on the time complexity when f  1s computed analytically

by inverting the regularized Gram matrix (see Equation (2)). In practice, however, one often
prefer gradient-based algorithms and expect improved time complexity.

2.1 The model and target functions

Firstly, let us translate the KRR into a linear regression problem. Assume the kernel £ admits
the following decomposition

Kr.a) = 3 Ajej()e; (),
j=1

2



where {e;}22, forms an orthogonal basis for L?(p). The model is defined as

fo(x) = cp(a:)TO where @(x) = (\/Eel(x), S ,\/Eep(:n))T,

and let p = oo in principle. Then,

¥ = E.fp(@)p(x) "] = diag(A, . . ., Ap). “)

Define

R0) = 3wy | (o) 0]

Suppose that = ~ p and y = ¢(x) " 6* + &, where the noise ¢ is assumed to satisfy E ¢ = 0 and

E £2 = 2. Then, we have the decomposition:

R(9) = £(6) + 5)
where £(-) is the excess risk given by
£(6) = 3B [(fole) — F@)?]. ©)

Suppose f*(z) = ¢(x) " 6* for some 6*, the excess risk is given by
1 *\ T * 1 * (|12
£(0) = 50— 656~ 6%) = 10— 6" ™

For target function we make the following assumption:
Assumption 2.1 (Source condition). Suppose f* € H®. This is equivalent to assume 0* =
(a;f)\§5_1)/2> with a € (2.
Jj=1
Here, the index s denotes the smoothness of f* relative to the model space Hy. For the
model, we make the power-law decay assumption:

Assumption 2.2 (Capacity condition). Suppose \; < j =B for some B > 1.

2.2 Stochastic Gradient Descent

We consider the algorithm of online stochastic gradient descent (SGD) to minimize R(-). At the
t-th iteration, SGD draws a batch of i.i.d. samples (denoted as S;) and updates the 6 as follows

Orr1 =0t —mege
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where g, € RP denotes the minibatch gradient and 7, is the learning rate (LR). Substituting
y = p(x)T0* + £ into (8) yields
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For better understanding and analysis, we often rewrite the SGD iteration as:
Or+1 = 0r — mege = Or — me(Elge] + €1),

where E[g;] = VR(6;) is the full-batch gradient and ¢; = g, — E[g;] is the gradient noise.
Specifically, we have
VR(0:) = 3(6; — 07)

> e

(CL’,y) ESt

and
€ = (Zt—E)(Gt—H*)—IT ‘
¢
Note that there are two distinct sources of gradient noise:

* Label noise &, which directly perturbs the observed outputs.

» Estimation noise arising from the discrepancy between the empirical covariance >; and
the true covariance Y. This source of noise persists even in the noiseless setting where
o =0.

We shall make the following assumption for the SGD.
Assumption 2.3 (Batch size). Assume |S;| = B forallt € N.

Assumption 2.4 (Initialization). We shall focus on the zero initialization: 6y = 0.

3 Full-batch Gradient Descent

We first consider the regime with |.S;| = oo and 7; = 7 (constant learning rate). Then, the SGD
iteration reduces to the full-batch GD:

9t+1 = 9t — nZ(Qt — 9*) (10)

For the simplicity of analysis, we further assume that the learning rate 7 is infinitesimally small
(n — 0). In this regime, GD reduces to the gradient flow (GF):
d

—0, = X(6, — 0%).
dtgt (0 —07)



Let §(t) = 6 — 0*. Then, GF reduces to
5(t) = —26(t), (11)
with the initialization
5(0) = —6™.

Moreover, the excess risk becomes
E(0;) = l6()|1%

2 | constitutes an orthogonal basis of L?(p), the matrix ¥ is diagonalizable,

Because {e;}32;

with
¥ =diag(A1, -, A\p)

Hence, the solution to Equation (11) can be written component-wise as

5;(t) = 6;(0)e™ ™" forj=1,2,...,p. (12)

The fitting error evolution. Using the solution d;(¢) from (12), we have
. 1/2 . 1/2
fo = 1= 60N e; =D 5;(00A e Ney. (13)
j=1 j=1

Ast — oo, we see that fy, — f*.
The following lemma further characterizes the evolution of the average generalization error:

Lemma 3.1. & := £(0;) = ?:1 |(9;f|2/\j6—2/\jt‘
Proof. Note that

P
E(61) = 1160 — 6%11% =Y A53 (1)
j=1
Since §;(t) = —9;76_/\.7'5, we obtain & = Z§:1 A (0;)26—2&'? 0

By lemma 3.1, the convergence for the j-th component is governed by both the coefficient
07 and the eigenvalue A;. Specifically, components with smaller |¢9;‘-‘|2 and larger \; converge
more rapidly.

3.1 Convergence Rate

By Lemma 3.1, when the dimension p is finite (assuming A\y > A2 > --- > Ap), the error
E(0;) = & decays exponentially as

& =0

in the limit ¢ — co. However, this pure exponential convergence breaks down in the infinite-dimensional
setting (p — 00), or more generally whenever the time horizon ¢ is small relative to p.
Indeed, by definition we have

p
& = Y _|05]F Aj e (14)
j=1



As p — 00, the shape of the decay curve is determined by the two sequences
(07)j>1 (target coefficients), (Aj)j>1 (eigenvalues).

Intuitively, (14) acts like a discrete analogue of an inverse Laplace transform in ¢, so different
asymptotic regimes of (¢7) and (A;) can lead to qualitatively distinct convergence behaviors.

Proposition 3.2 (Convergence of GD). Under Assumptions 2.2 and 2.1, we have
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Proof. By Lemma 3.1 and Assumption 2.1, we obtain
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where we define

The integration can be bounded by

Tz = / QUECIRIE PP
1 1

H1 [t
(:) ﬁ/ us—le—Ztudu
0

.. 1 2t 1
@ 256 / v* e Vo < el
0

where (i) we use the variable substitution u = z~% and (i) we use the variable substitution
v = 2tu. This completes the proof. O

S

—1
Remark 3.3. Under the structural assumption 0}‘ = a; )\j2 , the error decays at the rate

O(t~*), improving upon the classical O(t~') guarantee from standard convex analysis. More-
over, increased smoothness of the target function f* (i.e., larger s) leads to faster convergence.

This example shows that even in linear regression—a mere quadratic optimization prob-
lem—convergence in infinite dimensions can exhibit a strikingly rich variety of behaviors. This
is very different from the pictures in traditional optimization.



4 Stochastic Gradient Descent

Note that the convergence rate given in Proposition 3.2 does not directly gives us the time
complexity, as the compuational cost of each step is infinite. Moreover, we ignored the presence
of label noise. In this section, we shift our focus to practical SGD under the noisy regime.

The key step in analyzing SGD, as opposed to the full-batch GD, lies in characterizing the
structure of gradient noise. WLOG, we focus on the case B = 1, for which

e = (plaee)” ~ Elp@)e@) ) (6 07) - el
——

at
Let 6; = 6; — 0" for t € N. We have
Ot41 = 0t — m(X0; + €r).
Noting ¥ = diag(A1,-- -, Ap), the j-th component of &; is updated as
Ory1g = (1 —mAj)0e; — mee; €,

where e; € RP denotes the cannonical basis of R”. Let A; ; = E (52 i Since E ¢; = 0, we have
Appry = (1= mAg)?Arg + 7 E(e] ). (15)

This implies that the problem boils down to estimate the noise energy (i.e., the second-order
moment) along each coordinates.

The anisotropic structure of SGD noise. We turn to examine the quantity E(e, u)? for any
u € SP~L. Tt holds that

E(e) u)® = E(g w)” +E(p] v)® — 2E[(¢] w)(p/ w)] = E(¢] u)* + E(p] v)?,
———  N——
Qt P
where the second step uses the independence between label noise and input. Then
P, = B[] E(p(zt) 'u)? = ou' Su (16)
Qt < E(u’ p(@)p(z)"6:)* = E[(u' o(2))*(o(x) " 6:)?]
To bound @), we assume the feature map ¢(-) satisfies the following condition:

Assumption 4.1 ((4,2)-Hypercontractivity condition). There exists some C' > 0 such that it
holds for any u,v € SP~! that

E[(u" p(2))*(o(2) "0)’] < CE[(u” ¢(x))’| El(¢(z) "v)?]

This condition means that the fourth-order moment can be controlled by the second-order
moment. This condition essentially means that our features ¢ (X ) are not too heavy-tailed and
it is obvious that this condition holds when ¢(X) is sub-Gaussian for X ~ p.

With Assumption 4.1, we have

Q¢ < CE[(u’ o(2)*El(¢(2) "0:)*] = 2CE(Br)u Bu a7

due to £(0;) = 36, E[p(x)p(x) )6, by definition.
Combining (16) and (17), we obtain:



Lemma 4.2 (Noise structure). For any u € SP~1, it holds that
E(e] u)? < (u" Su)(E(8;) + 0?) < R(6)u" Su.

Note that v Yu represents the curvature along the direction u. This lemma therefore im-
plies:

* The noise magnitude scales with the loss value.

* The noise energy in direction u scales with the directional curvature v ' Yu.
This stands in contrast to the usual stochastic-optimization assumption

Elllef”) < C

for some constant C'. Instead, Lemma 4.2 shows that the gradient noise is anisotropic and
aligned with the local geometry encoded by the Hessian X..

Theorem 4.3. Define the intrinsic time as Ty = Zizo 1. Under the source condition (Assump-
tion 2.1), we have

t p
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Proof. Towards the end of training, the excess risk becomes relatively small, i.e., £(0;) < o2,
so we approximately have
E(e, u)? < (u"Su)o?.

Plugging this into (15),
Apg1j < (1= mN)*Arj + nfAjo”
It then holds that
t t t
Ay < [TA =m0 805 + N0 Y 2 T (1 =nery)? (18)
7=0 7=0 T'=7+1

Then for any 7, ¢, we have

t
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For the zero initialization, Ag ; = (0;‘)2. Then, the excess risk is given by
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Corollary 4.4. Under Assumptions 2.1 and 2.2, we have

B[O S 7 o Z 7

2—1 7
7 = 1+ (T;—T,)" 5
Nt
Proof. Applying the capacity condition, we have
- 8 1 o P s
E[E(0i+1)] Z —sft+1,-2j " T | 502 Z 2 ijmefzj (T,—T)
Jj=1 7=0 7j=1

Following the same derivation as in Lemma 3.2, we have

P 1
ZJ—SBH —2j7°Ts <
: ~N14TE
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P 1
Z] 26 ,~2j~F(Ti— -Tr) <
j=1 1+ (T - T;) 7%

where we get the bound 7 +T5 instead of 7= L by applying the argument when 7T is large. For
small 7', we naturally have a constant upper bound. The expected excess risk is then bounded as

1 1
E[E(041)] S +o?y 0l
1+ TtS 7=0 1 + (Tt - 1—1‘1')2_E
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O
Lemma 4.5. When using a constant learning rate schedule 0. = 1, we have
Ne S
Proof. Letv =2 — 5> 1, then
d 1
Ny = 772
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Convergence Rate. Therefore, under the constant LR 7, = 7, we have T; = tn and

, 1
E[£(6,)] < inf ((nt)s + 77) -

By optimizing over 7, we have

1\ =1
Nop X <t) (20)
and
1\ =1
BiE@] 5 () e

Sample Complexity. Note that in SGD, each step only uses one sample and thus, for n

samples, SGD achives the error O(n~%/(5T1)). Let us compare it with the one for KRR:
O(nfﬁmin(s,2)/(ﬁmin(s,2)+1))'

* When S is close to 1, SGD is nearly optimal and moreover, can adapt to the smoothness
of any s € (0,00). In contrast, KRR’s smoothness adaptation saturate at s = 2, beyond
which extra smoothness does not yield improvement.

* When j is significantly larger than 1, it seems that KRR’s adaptation is stronger, as SGD’s
error is independent of the value of §3.

However, it should be remarked that in driving (21), we only consider the schedule of constant
LR. We conjecture that when adopting better LR schedule (such as exponential decay), we are
able to obtain the minimax optimal rate O (n 5%/ (#s+1)),

Time Complexity. In practice, we are unable directly use the SGD algorithm, as p can be
infinite. Thus, there are two approaches: truncation p to a finite one and representer theorem.
Here, we discuss the second one:

Lemma 4.6 (Representer theorem for SGD). Let 0; be the solution of SGD. Then, under zero
initialization, we have fi = fg, € span{k(x;,-) : i € [t]} given by

t
ft+1 - Zrik(xiv ')7 Tt = _nt(ft(xt) - yt)7 fOl"t = 07 17 ceee
=0

with the initialization fo(z) = 0.
Proof. Note that the one-step update of SGD is given by
Ori1 = 0 — mp(e) (p(0) "0 — ).
Let f;(z) := @(x) " ;. Then,
(@) 01 = p(2) "0 — mep(@) o) (p(x0) "0 — 1)), (22)

which is equivalent to

Jer1 = fo — mek( me) (fe(2e) — ye)-

10



By this lemma, at the ¢-th step, the compuation cost is O(t). Thus, we have that the total
compuation cost to reach the € accuracy, we need 1, = e~ (1+1/9) steps and the total computa-
tional cost is

C = O(T?) = O(e 2+2/9),

This impoves the one of direct KRR given in (3) when (3 is close to 1.

5 A Fine-Grained Viewpoint: Spectral Bias

In the foregoing analysis, we have focused exclusively on the convergence of the overall gener-
alization error £(0;), which effectively averages convergence across the entire spectrum. How-
ever, by examining each spectral component individually, one uncovers the phenomenon of
spectral bias, a critical concept for understanding model training in practice that extends be-
yond linear regression and kernel methods.

Specifically, by Eq. (13), the j-th spectral component converges at an exponential rate

O(e”‘jt).

Consequently, modes associated with smaller eigenvalues A; decay far more slowly than those
linked to larger ;. Identifying which features or functions correspond to large versus small
eigenvalues in real-world settings provides deeper insight into the algorithm’s behavior.

For the purpose of illustration, consider a translation-invariant kernel on the torus T:

k(e,a)) = w(a—a') = 3 &()PTE) = SR ej(a) @),
JEZ jez

where e;(z) = €™ is the Fourier basis and (j) is the Fourier coefficients (which serves as the
jth eigenvalue of k) of k. The smoother « is, the faster #(j) decays as |j| — oo. Consequently,
high-frequency modes (large |j|) correspond to small eigenvalues, while low-frequency modes
correspond to large eigenvalues. Since the j-th component converges at rate O(e*'%(j) t), low
frequencies are learned exponentially faster than high frequencies—a phenomenon we term the
curse of frequency.

Although this example uses a periodic kernel, the same intuition applies to general smooth
kernels: components associated with higher “frequency” or complexity decay more slowly.
Moreover, a very similar spectral bias persists in nonlinear models such as neural networks:

* In Figure 1, we show the training curves for learning f*(x) = sin(kx) for k = 1,5 with
two-layer ReLU networks. The optimizers are online SGD.

— Obviously, two-layer neural networks also exhibit the curse of frequency.

— Learning high-frequence functions is much slower than low-frequency functions.

* In Figure 4, we show the learning of a function with multiple frequencies:

f*(x) = c¢(1+0.5sin(z) + 0.5sin(5x))
7(9371/)2
with the Gaussian kernel k(x,2') = e~ ~ »2  with h = 1. We can see that the opti-
mization process exhibit a very clean frequency bias. The low-frequency component is

learned firstly.

For more illustration of the curse of frequency of neural networks, we refer to [Rahaman et al., 2019,
Xu et al., 2019]
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Figure 1: (left) f*(z) = sin(x); (right) f*(z) = sin(5x).
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Figure 2: The example that demonstrates the curse of frequency. The model is linear regression

with Gaussian kernel e=@=#)°/("*) with h = 1. The four plots correspond to the function f; at
t =0, 10, 100, 1000, compared to the target function.

Alleviate the curse of frequency. When the target function f* has substantial energy in its
high-frequency components, learning with a smooth kernel of geneally smooth model can be
very slow due to the curse of frequency. Therefore, one may wnat to accelerate the learning
convergence by inflating the eigenvalues corresponding to the high-frequency eigenfunctions.
One way to achieve this is to rescale the kernel:

—a i2m] ’ o ,
kh(fL’ _ x/) —k <-T h.l? > _ Zg(])ez%(z—x) _ Zl%(hj)elZﬂ'](xfx )7

JEZ JEZ.

which yields
1 1
Aj = k(jh) ~h™7 257772,
Although A; still decays at the same rate j‘”‘é, it is effectively scaled by a factor of h"3,
Consequently, the high-frequency components (those with larger |j|) are associated with larger
Aj compared with before, thereby enabling faster convergence. In the limiting case A — 0, we
have

lim kp(z — 2') o §(x — 2),
h—0

which implies A; = O(1) for all frequencies. In Figure 3, we plot the triangular wave function

) = (1= 51 ) tlal <) 23

along with its corresponding Fourier transform &5, (j). As h decreases, &5, (+) concentrates more
of its energy in the higher-frequency regime.

Remark 5.1. The basic idea is to modify the kernel so that its eigenvalue spectrum places
greater weight on high-frequency components. Analogously, in neural networks one can choose

12
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Figure 3: For smaller h, the Fourier transform &, (k) allocates a larger portion of its energy to
higher frequencies.
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Figure 4: The example that demonstrates how we can alliciate the curse of frequency by modifying the
spectrum of kernel functions. The model is linear regression with Gaussian kernel e~ (@=2)/(2h%) with
h = 0.2. The four plots correspond to the function f; att = 0, 10, 100, 1000, compared to the target
function.

activation functions that emphasize high frequencies, e.g., o(z) = sin(kz) with large k, or a
compactly supported bump function with small support, thereby skewing the network’s spectral
bias toward high-frequency directions.

In Figure 2, we illustrate learning with a Gaussian kernel of reduced bandwidth. Compared
to Figure 4, the high-frequency components are learned significantly faster.

5.1 Link between KRR and numerical method of PDE

At first glance, the spectral bias phenomenon appears to contradict the observation that high-
frequency components often converge first in numerical solutions of PDEs. To illustrate this,
consider the 1D Poisson equation

o = f with u(0) =u(1) =0,

and let us solve it by the finite element method. We partition the interval [0, 1] into N sub-
intervals of equal length h = 1/N, yielding grid points x; = ih where h = 1/N for i =
0,1,---, N. We then define a family of piecewise linear basis functions

—h
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and seek an approximate solution

N—1
ujp;(z
Jj=1

where u; are the undetermined coefficients. Obviously, u,(0) = up(1) = 0. For any test
function v(z) satisfying v(0) = v(1) = 0, we have

/Olf(:c)v(x)dx - /Olu”(:v)v(:v)dx

1
——u/xvx 1 U/IEUISU €T
— [<><>]|0+/0 () (2)d
1
:/ o (z)v' (x)dz.
0

Substituting the finite element approximation v = uy, and choosing test function v = ¢; () into
the above expression yields

N-1

Zuj/olsoj( /f z)pi(T

j=1
This can be compactly written in matrix form as
Au = f. (24)

Here, A = [a;;] € RV=DX(N=1) jg the stiffness matrix with a;; = f01 ©5(x)pi(z)dz, f = [fi]
is the load vector with f; = — fo x)dx, and u = [uq,--- ,un—_1] is the solution vector.
Since each p;(z) is piecewise hnear entrles of A follow the standard finite element pattern:

2 1 e
i = 75 Giirl = Gip1i = —7,  Gij = 0 if|i—j]>2. (25)

We can construct a kernel kp(x,z’) for which a;; = kp(x;, ;). A straightforward choice is
kp(z,2") = kp(xz — x') where

on(z) = (2 - z|x|> {0 < || < h} + <—2 + ’”Z') {h < |2| < 2h}.

Figure 5 displays xp,(x) along with its Fourier transform for h = 0.5,0.2,0.1. As shown, &(w)
initially grows with |w| and then decreases. Moreover, as h becomes smaller, the location of the
maximal amplitude in the frequency domain shifts to larger |w|. Consequently, high-frequency
components converge more rapidly, and diminishing h accelerates the convergence of these
higher-frequency components.

There is a contrast between the finite element method and KRR. Generally speaking, in
KRR where the kernel is global, the eigenfunctions corresponding to larger eigenvalues tend
to be lower-frequency compared to those associated with smaller eigenvalues. However, the
analysis above seems to show a contrary result, that higher-frequency components converge
faster. The reason is that, as h — 0, the kernel kj, becomes more localized.
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Figure 5: Plots of the piecewise function () (left) and and its Fourier transform £, (w) (right)
for h = 0.5,0.2,0.1. The peak of &, (w) moves to higher frequencies as h decreases.
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