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1 A feature perspective

We know that KRR in the feature space corresponds to
1 n
- > (B (i) — i) + MBI
i=1

Naturally, we can consider the following target function space.

Definition 1.1. Given a kernel k, let & : X — H be a feature map of k. Let
F=A{f(x;8) = (B,®(x))n : B €M}

For f € F, define

= inf .
Il = _int 1Bl

The infimum is taken such that the norm is independent of the specific representation (5.

Lemma 1.2. || - || = is indeed a well-defined norm.
Proof. Assume f1 = (B1, ®(:))n, f2 = (B2, ®(:))». Then,
ALfi+ Aafa = (A1B1 + A2Ba, @(4))n-
By the definition,
[ALfL+ A fallz < IAB1+ AeBella < Al Bullm + [A2fl| B2 lln-
Taking infimum over 31 and 35 yields
IALf1 + Aefoll7 < [AllLfllF + el f2llF-

In addition, let || f||z = 0. By definition, for any & > 0, there exist 3. such that f = (8., ®(-))» and
|B:|l2 < e. Hence, for any = € X,

|f ()] = [(Be, @(@))n| < [|Bellnll®@(2)lln < el ()3
Taking ¢ — 0, we obtain f(z) = 0 forany = € X. O

Presumably, the associated function space should only depend on the kernel % instead of the specific
feature map. After all, the feature map may not be uniquely defined, in particular when £ is rank degenerate.
Does the above definition relies on the specific choice of ¢ and H?



Definition 1.3. Given a kernel k, let F be the function space defined in Definition 1.1. For any f,g € F,

define

2 g A2
Fog)r = If+gllF . If —9llF

Lemma 1.4. Forany f,g € F, there exists B¢, 84 € H such that f = (37, ®(-)), g = (By, (-)) and

(fr9)7 = (B, Bg)-

Proof. Taking f37, 3, such that
17115 = 1187113,
gl = 11845

Hence,

I e e
4

(f,9)F (B, By)-

O

The above lemma shows that the inner product of the functions are equivalent to the inner product of the
corresponding coefficients.

Lemma 1.5. Forany x € X, ||k(-,z)||r = ||k(-, z)||

Proof. Notice that

For any 3, such that
k(z,2") = (Be, ®(2')) 24,

we have
(B — @(x), (")) =0, Va'e€X.

This means that 3, — ®(z) L span{®(z’)}. Hence,

18213 = 118z — ®(2) + @(2)I3; = 1Bz — @(2) |15, + [ @(2)]3 = [|2(2)II3,.

Theorem 1.6. (F, (-)r) = (Hk, (-, -)n,. ), Hi is the RKHS constructed in Moore-Aronsajn theorem.

Proof. By the uniqueness of RKHS, we only need to verify that (F, (-) ) is a RKHS, for which k is the
reproducing kernel. First, by Lemma 1.5, k(-,z) € F forany z € X. For any f € F, assume f(z) =

(Bf,®(x)) and || B¢ 13, = |1 f]|%- Then,
(£ k(- 2))F = (Br, (2))n = f(2).

Combining them, we show that F is a RKHS. O



The above perspective is useful in understanding the random feature models (RFMs) and two-layer

neural networks. Consider the RFM:

1 m
©:8) = — > Biv(w;w;),
j=1

where ¢ : X x Q — R and {w;} are independently drawn from a fixed distribution 7. It can be viewed as

the discretization of the continuous model:

f(@;8) = Bunr[B(w)(z; w)],

where 8 € L?(7) and ¢ (z;-) € L?(x).
Consider the ridge regularization,

1 2
min — ;l(fm(w ;) — E B33,
As m — 00, it corresponds to
win 2577w 8) - i + 2811
a€Ll?(m) M P ’ ! m L2 ()

1.1 A generalization analysis of the RFM

For the random feature model, define the associate kernel

beloa!) = [ (o w)u(a’sw) dn(w).

Theorem 1.7. Assume f* € Hy, . Let W = (w1, ..., wy) withb; o and (W) = (B(wy), ...
Then,
— i
Wl fn (5 BW) = Filli2,) < — =
Proof. Note that f*(z) = Ey~r[8(w)y(x; w)]. Then,
1 m
Ew Eq|— Zﬁ(ij(x;wj) —f@)?
1 m
=E. By —5 Z (5 wi) — (@) (B(w) (5 ws) — f*(x))
% Z (z;w;) — f*(a:))2 (Use the independence)
< iEWww)ﬂ (s o) < 1).
m rEX ,weN

(1.1

(1.2)

J /B(wm))T'



The approximation error is a nonlinear function of wy,...,w,,. McDiarmid’s inequality needs L*>°
boundedness.

Theorem 1.8. Assume f*(x) = Eyr[f(w)p(x; w)] with esssup,, |B(w)] < Q. Let W = (w1, ..., wn)

|
with w Yo and BW) = (B(w1),...,B(wn))T. Then, for any § € (0,1), with probability 1 — & over the
sampling of W, we have

15 BOV)) — £ Loy S~ (1 + /Iog(2/3)).

m

Moreover, sup; | 35| < Q.

Remark.
e In comparison to Theorem 1.7, the above theorem provide a high probability guarantee.

e The extra technical condition is that 3(-) € L°°(w). In contrast, for Theorem 1.7, we only need
B(:) € L*(m).
Proof. (1) Let W = (w1,..., W), and Sp (w1, ..., wm) = [[fm(58W)) = f*| 12, Let W be a
copy of W but with i-th element different. Then,

1S (W) = S (W] < || (3 BOV)) = fon (3 BOV)) | 2B

= 11 Bl wi) — — B ) e,y <

3|8

(2) By McDiarmid’s inequality, with probability 1 — §, we have

Sn() S B (5 (W) + /25 g

(3) Similar to the proof of Theorem 1.7, we have

Euw [S0n(W)] < VEw S (V] = /B [ £ BOV) — B, < —2

vm’
Q log(2/6)
SnW) £ Tty

Proposition 1.9. Let 1Y = {f(2) = Eupr[B(w)Y(z;0)] : Ewer|B(w)?] < Q2}. Then, we have

Rad, (H9) < <
n

(4) Combining them, we have

Proof. By Theorem 1.6, HY = Hgﬂ. Hence by the bound of the Rademacher complexity of RKHS and
sup,, kr(x,z) < 1, we complete the proof. O



Taking m = % Z;n:l d(- — wjy) yields the bound of the Rademacher complexity for random feature
models. Let Hq = {;- Y7, B4 (w; wy) : % < Q}. Then,

Rad, (Ho) < \%.
Consider ) HBH
3 = inR,(3) + —="=L. 1.3
6 a;gg}gl (B) T Jim (1.3)

Here, the loss function £(y,%') = (y — y')? is not globally Lipschitz . Hence, for technical simplicity,
we assume sup,¢y | f*(z)| < 1 and consider the truncated random feature model:

fm(x; B) = min(max(fp,(x; 5),—1),1).

Theorem 1.10. Suppose f*(x) = Eyr[B(w)(z;w)] with esssup,, |B(w)| < Q. Then, for any 01,02 €
(0, 1), with probability 1 — 61 — 09, we have

R < 2010+ Viogifo) + L 12500

n
e The log(1/6;) term comes from the random sampling of features.

e The log(1/d2) term comes from the random sampling of training set.

Proof. (1) By Theorem 1.8, for any 01 € (0,1), with probability 1 — ¢; over the sampling of random
features, there exist a 5 € R™ such that

) < QU Vis(/a) 1AL,

Ran(5)

(2) By the definition of ,5’, we have

L 1 - . 1 5 @ Q
Ra(B) Bl < RlB) + B < =1+ los(1/00) +
Hence, 18] < Q(1 + Y"HVE00)) — O, i, Q)

(3) Let Ho = {fm(35) : ll/’% < C} and Let Fo = {{(f, f*) : f € Hc}. Since ((-,y) is 2-Lipschitz

continuous, the contraction lemma implies that

Rad, (Fc) < 2Rad, (Hc).

(4) By the Rademacher complexity-based generalization bound, for any d2 € (0, 1), with probability
1 — 9 over the sampling of training set, we have

log(1/42)

R(B) < Ra(B) + 2Radu(Fegmn) +1/ =



log(1/62)

(ma n, Q) 10g(1/52)
v VT

Inserting the expression of C'(m, n, @), we complete the proof.

< Ru(B) + 2Radn (K mm.)) +
Q

(1+ /log(1/61)) +—+

2 The spectral perspective

For akernel k : X x X + R, define an integral operator T}, : L?(X; p) — L?(X; ),

Tif(x) = / ke, 2') f(o) du(a).

Here, u is a probability measure on X',

Theorem 2.1 (Mercer’s theorem). Let k be a continuous kernel on a compact set X. Then, Vx, 2’ € X,

a') = Z Ajej(z)e;(a’

The convergence is uniform on X x X, and absolute for each (x,z') € X x X.

(Aj)j>1 and (e;);>1 are the eigenvalues and eigenfunctions of the integral operator T}, respectively.
Mercer’s theorem gives a feature map for the kernel k. Let

DX 12 ®(x) = (VAreir(x), VAzea(), ...,/ Aje;(x) )
Then,

k(z,2') =Y /Ajei(@)y/Aei(a)) = (@(x), &) .

j=1

Theorem 2.2. Let k be a continuous kernel on a compact set X, and {e;} be the orthonormal basis given

in Mercer’s theorem. Define
2
a“
. J
H:{f: g aje;j : g Y<oo},
J J

with the inner product
a;b;
(D ases dobieshyy = 5
J J J
Then, H = H;.
Proof. By Mercer’s theorem, k(-,x) = Zj()\jej(x))ej. Hence,

k(- 2)|I3, = Z ] Z)\ ej(x = k(z,z) < oo.



So, k(-,x) € H for any = € X. Reproducing property: Let f = Zj ajej € H. Then,
a;jNje;(x
TRICENIEDY ”AJ() = f(x). 2.1)
- Y
J
So, H is a RKHS with the reproducing kernel k. By the uniqueness of RKHS, we conclude that H =
Hy. O

Remark 2.3. Note that the integral operator 7}, and the associated eigenfunctions {e;} depend on the under-
lying distribution ;. However, H coincide with the RKHS Hj;. This means that H actually does not depend
on the choice of y at all.

Weighted L? space. In this way, RKHS can be viewed as a L? space weighted by the eigenvalues. The
faster is the eigenvalue decay, the smaller is the RKHS. Consider \; = ]% Then,

1

o0
1F13 = Z]'Sa? <oo = a? = O(W) for some o > 0.
j=1

The previous Rademacher complexity analysis needs the following quantity to be finite:

/k:(x,x) du(z) = /ijej(aj)ej(:x) du(z) = Z)\jH‘?jH%?(#) = Z)\j < o0,
j=1 Jj=1 Jj=1

i.e., the trace of k is finite. The previous analysis cannot distinguish the RKHSs with different eigenvalue
decays. A refined analysis need to reflect the fact that the faster is the eigenvalue decay, the smaller is the
RKHS, i.e., the easier is the learning. For this type of sophisticated analysis, we refer to [Bach, 2017] and
references therein.
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