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Outline

Ø Large language model pretraining

Ø Functional scaling laws (FSL)

Ø Prediction and design via FSL

Ø Beyond SGD: Universality of FSL

Ø Towards a macroscopic effective theory



LLM pretraining
Ø The core of pretraining: scaling laws
Ø Hyperparameter
Ø Optimizer
Ø Architecture
Ø Data



Two phases of LLM training

Pre-training Post-training
Build foundations Develop specialized skills



Pretraining performs next-token prediction



Mathematical formulation of pretraining



Pretraining is extremely expensive



Scaling laws for LLM pretraining



Scaling laws guide compute-optimal training

Training Compute-Optimal Large Language Models, Google DeepMind, 2022

Ø Given a compute budget C, how we choose model size and data size

Ø This problem can be formulated as follows
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L(M,D) = L0 +AM→a +BD→b
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min
M,D

L(M,D)
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6MD = Cs.t.
Total compute



From final-loss scaling to trajectory-level laws

The loss trajectories of Llama models. Here tokens = number of steps * batch size

Ø Existing scaling laws only predict the final-step loss

Does the entire loss dynamics obey similar simple laws?



Learning rate schedule



The loss dynamics under WSD



Functional scaling laws

Ø Approach: toy models need to align with LLM pretraining
Ø Scaling laws
Ø LR-schedule dependent phenomena

Learning rate schedule
function: η(t) Loss dynamics: 𝐿 𝑡

Li, Chen, Huang, Wu, Functional scaling laws for kernel regression: Learning rate schedules and loss
dynamics, NeurIPS 2025.



Toy model



Toy model: Linear regression



Toy model: linear regression with structures



Model and data structures



Gradient descent (GD) = multi-task learning



Scaling law is a collective behavior

<latexit sha1_base64="d1VA+QpF/Ps1JgFUvMdMfjL+q8k="></latexit>

S(t) :=
M∑

j=1

ωj |ε→j |2e↑2ωjt =
M∑

j=1

j↑1↑sεe↑2j→ωt

→
∫ M

1
z↑1↑sεe↑2z→ωt

↑ t↑s if t ↭ Mε .

scaling-law phase

classical
phase

Scaling law = superposition of many subtasks,
i.e.,

<latexit sha1_base64="ypeht1On81No4KhU94A9WUfyvy0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVUj0WvXgRKtgPaJeSTbPb2GyyJFmhLP0PXjwo4tX/481/Y9ruQVsfDDzem2FmXpBwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdQOsKWeCtgwznHYTRXEccNoJxjczv/NElWZSPJhJQv0YR4KFjGBjpfZdP4qQNyhX3Ko7B1olXk4qkKM5KH/1h5KkMRWGcKx1z3MT42dYGUY4nZb6qaYJJmMc0Z6lAsdU+9n82ik6s8oQhVLZEgbN1d8TGY61nsSB7YyxGellbyb+5/VSE175GRNJaqggi0VhypGRaPY6GjJFieETSzBRzN6KyAgrTIwNqGRD8JZfXiXti6pXr9bua5XGdR5HEU7gFM7Bg0towC00oQUEHuEZXuHNkc6L8+58LFoLTj5zDH/gfP4ApDCOhw==</latexit>

M → 1



Loss = tail mass beyond a moving cutoff



Intrinsic-time SDE model of SGD



Functional Scaling Law



Signal learning



Noise forgetting



FSL = dynamical signal-noise decomposition



Prediction and design via FSL
Ø Loss dynamics
Ø LR schedule
Ø Batch size schedule



Toy model experiments
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Ø FSL is derived for the continuous-time SDE, but  accurately capture 
the dynamics of discrete-time SGD.



LLM pretraining experiments

Llama: 100M parameters, 20B tokens

Ø FSL also accurately capture the loss dynamics of LLM pretraining.



Prediction: LR shape generalization

7111+cosine -> WSD

ØThe prediction precision
is on the order of 0.001



Prediction: data extrapolation

20B tokens -> 40B tokens; cosine LR schedule

Ø The prediction precision is
on the order of 0.001



LR schedule design via FSL
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min
⌘2Q

FT (⌘; ⇥̂)



Analyzing optimal LR schedule via FSL

Li, Wang, Chen, Zhao, Zheng, Wu, Optimal learning-rate schedules under functional scaling laws: power decay and 
warmup-stable-decay, COLT 2026.



Easy regime: power decay from the beginning

Ø The optimal schedule decays from the beginning.
Ø The optimal schedule is a power-decay shape.
Ø The peak LR needs to scale with the training horizon.



Hard tasks favor WSD: stay high, decay late

Optimal schedule = long stability phase + vanishing terminal power decay.



Easy vs. hard: Same decay shape, different 
intrinsic time
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ØFor the same model, the
same decay shape

ØFor different tasks,
different intrinsic times
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(1→ u)2ω→1



Power decay: The forgetting kernel determines 
the shape

• For fixed intrinsic time, the signal-learning term is fixed

• We only need to minimize the noise injection:

<latexit sha1_base64="kNtK/BBFVhLfhNX/8NNLlxZYIs4="></latexit>

min
ω:[0,T ]→R→0

∫ T

0
K(T → ω)ε(ω) dω

s.t.

∫ T

0

1

ε(ω)
dω = N.
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ω→(t) → 1√
K(T ↑ t)

<latexit sha1_base64="Urncw0CSaSBPu0e8lsgOWpNjrA4=">AAACFHicbZDLSgMxFIYzXmu9VV26CRahUlpmpKjLohvBTYXeoNOWTJq2oZnMkJwRytCHcOOruHGhiFsX7nwb02kX2nog5OP/zyE5vxcKrsG2v62V1bX1jc3UVnp7Z3dvP3NwWNdBpCir0UAEqukRzQSXrAYcBGuGihHfE6zhjW6mfuOBKc0DWYVxyNo+GUje55SAkbqZfLUTF/QE57HLJXTtThXf5aDgAonOXAYkl1APT69uJmsX7aTwMjhzyKJ5VbqZL7cX0MhnEqggWrccO4R2TBRwKtgk7UaahYSOyIC1DEriM92Ok6Um+NQoPdwPlDkScKL+noiJr/XY90ynT2CoF72p+J/XiqB/1Y65DCNgks4e6kcCQ4CnCeEeV4yCGBsgVHHzV0yHRBEKJse0CcFZXHkZ6udF56JYui9ly9fzOFLoGJ2gHHLQJSqjW1RBNUTRI3pGr+jNerJerHfrY9a6Ys1njtCfsj5/AKY1nLk=</latexit>

T→s +

∫ T

0
K(t→ ω)ε(ω)dω



WSD: Signal learning dominates in hard tasks



WSD: Signal learning first, noise forgetting later



Rethink LR schedule: Polynomial decay



Rethink LR schedule: Cosine



Ø Optimizer: SignSGD, Adam
Ø Model: deep linear networks
Ø Regularization: Weight decay, Hyperball
Ø More aspects

How Is FSL Universal? 
From linear models + SGD to LLM Pretraining



FSL: signal learning + noise forgetting
The loss dynamics admits a noise-signal decomposition:

with

<latexit sha1_base64="vykzDMlsdThuQnPJUKm5VxrtLhk="></latexit>

E(t) → S(t)︸︷︷︸
signal learning

+

∫ t

0
K(t↑ r) ω(r) dr

︸ ︷︷ ︸
noise forgetting

,

Signal-learning exponent Noise-forgetting
exponent<latexit sha1_base64="t8seg6jwDK3MvA+OV4dRjkA1cMU=">AAACH3icbVBNS8NAEN34WetX1KOXxSJU0JKIqMeiF8FLRVuFppbJdtsu7iZxdyKU0H/ixb/ixYMi4q3/xm3tQasPBh7vzTAzL0ykMOh5A2dqemZ2bj63kF9cWl5ZddfWayZONeNVFstY34RguBQRr6JAyW8SzUGFkl+Hd6dD//qBayPi6Ap7CW8o6ESiLRiglZru4WURd2gApqcSirfZXgAy6UJ/N7i/T6FFzyftDigF/aZb8EreCPQv8cekQMaoNN3PoBWzVPEImQRj6r6XYCMDjYJJ3s8HqeEJsDvo8LqlEShuGtnovz7dtkqLtmNtK0I6Un9OZKCMvTC0nQqwaya9ofifV0+xfdzIRJSkyCP2vaidSooxHYZFW0JzhrJnCTAt7K2UdUEDQxtp3obgT778l9T2S/5h6eDioFA+GceRI5tkixSJT45ImZyRCqkSRh7JM3klb86T8+K8Ox/frVPOeGaD/IIz+AJVrKH3</latexit>

S(t) → t→ω, K(t) → t→ε



Adam as a sign-like optimizer

Ø Adam:

Ø SignSGD is the limiting case with 𝛽! = 𝛽" = 0:

<latexit sha1_base64="LKYaI8jQkVoLFDa3qBTWlcDCWP0="></latexit>

mk+1 = ω1mk + (1→ ω1)gk,

vk+1 = ω2vk + (1→ ω2)g
2
k,

εk+1 = εk → ϑkmk/
↑
vk,
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ωk+1 = ωk → εk sign(gt)

Why is the intrinsic time still right coordinate describe the dynamics?
<latexit sha1_base64="XN2SHHm7+igXDAlnczYWPlnmIys=">AAACAnicbVC7SgNBFJ31GeNr1UpsBoNgFXdF1CYQtLGMYB6QjcvsZJJMdvbBzF0hLMFG8DdsbCwUsbWytLTzb5w8Ck08cOFwzr3ce48XC67Asr6Nmdm5+YXFzFJ2eWV1bd3c2KyoKJGUlWkkIlnziGKCh6wMHASrxZKRwBOs6vnnA796w6TiUXgFvZg1AtIOeYtTAlpyzW1wfVzAjkoCN+0WrP61jx0GxO26Zs7KW0PgaWKPSa548PFw/9kslFzzy2lGNAlYCFQQpeq2FUMjJRI4FayfdRLFYkJ90mZ1TUMSMNVIhy/08Z5WmrgVSV0h4KH6eyIlgVK9wNOdAYGOmvQG4n9ePYHWaSPlYZwAC+loUSsRGCI8yAM3uWQURE8TQiXXt2LaIZJQ0KlldQj25MvTpHKYt4/zR5d2rniGRsigHbSL9pGNTlARXaASKiOKbtEjekYvxp3xZLwab6PWGWM8s4X+wHj/ARIPmlA=</latexit>

tk =
∑k

j=0 ωj



Ø For these sign-like optimizers, the same FSL applies but with

Sign-like optimizers preserve the FSL

<latexit sha1_base64="eY14efIdaglyKbbnWOwcIQd1XLg="></latexit>

Ssgn(t) → (
↑
Bt)→2s, Ksgn(t) = (

↑
Bt)→(2→2/ω)

<latexit sha1_base64="O+mWE7qPy25H4sPpDqRG6ePK59g="></latexit>

Ssgd(t) = t→s, Ksgd(t) =
1

B
t→(2→1/ω)

Ø For SGD, the same functional form but different kernels:

Wang, Li, Wang, Wang, Wang, Wu; How and when signSGD outperforms SGD: A functional scaling law perspective,
NeurIPS 2026.



Toy model experiments



Toy model: sign-like optimizers share the
same scaling

Ø Sign-like optimizers scale better
than SGD, as predicted

Ø SignSGD, Adam, and RMSprop
share the same scaling efficiency



LLM: Data and batch size extrapolation

Ø Fit the new FSL on small-batch
runs

Ø Extrapolate well to large-batch
training



Why do such simple laws govern
complex LLM pretraining?



Physics is organized by scales

Ø Different scales, different
effective theories.

Ø Macroscale and microscale
are often simple

Ø The mesoscale is often where 
complexity lives.

Taken from Weinan’s slide: https://web.math.princeton.edu/~weinan/ICIAM.pdf



Deep learning can be also organized by scales

• No single-scale DL theory

• Different scales require
different effective theories.

• LLMs define a macroscale
of deep learning

What is the effective theory of the LLM pretraining dynamics?





Macroscopic laws can be simple and universal

Ø The same macroscopic relation holds across materials
Ø Microscopic details only change the friction coefficients

<latexit sha1_base64="c2Ha507gBX2HApf8NPl9PE7QxDQ=">AAACKnicbVDLSgMxFM34tr6qLt0Ei+KqzEhRcVV140oq2FbolJJJMzWYx5DcEctQf8eNv+LGhSJu/RAzbQWtXggczjm5jxMlglvw/Xdvanpmdm5+YbGwtLyyulZc32hYnRrK6lQLba4jYpngitWBg2DXiWFERoI1o9uzXG/eMWO5VlfQT1hbkp7iMacEHNUpnoQyPca7+OEhBHYPWWw4zRVMNYudjTMFgzAsXDjTt0dpI4nAsXYrDAqdYskv+8PCf0EwBiU0rlqn+BJ2NU2l60wFsbYV+Am0M2KAU+EahqllCaG3pMdaDioimW1nw1MHeMcx3Xy0ewrwkP35IyPS2r6MnFMSuLGTWk7+p7VSiI/aGVdJCkzR0aA4FRg0znPDXW4YBdF3gFDD3a6Y3hBDKLh08xCCyZP/gsZ+OTgoVy4rperpOI4FtIW20R4K0CGqonNUQ3VE0SN6Rq/ozXvyXrx372NknfLGfzbRr/I+vwDo8qeV</latexit>

µ : friction coe!cient

N : normal force
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Ffriction = µN

Toy models and LLM pretraining are different in microscale, 
but share the same macroscopic FSL form.



Toward an effective theory of LLM pretraining

Real LLM
pretraining

Model size
data size

Learning rate
Weight decay

xxx

Loss dynamics

Microscopic Macroscopic variables Macroscopic response

Toy model

Effective microscale model Effective macroscale theory



• LLM pretraining defines a macroscale of deep learning
• Its training dynamics admits a macroscopic effective law:

• Different optimizers and architectures induce different signal-learning
and noise-forgetting kernels.
• The kernels change, but the functional form is universal.

Summary

<latexit sha1_base64="vykzDMlsdThuQnPJUKm5VxrtLhk="></latexit>

E(t) → S(t)︸︷︷︸
signal learning

+

∫ t

0
K(t↑ r) ω(r) dr

︸ ︷︷ ︸
noise forgetting

,



One More Thing:
The Mesoscale Is Hard



Classical DL theory lives in the mesoscale

Traditional DL theory

mesoscale


